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Capabilities

Systems view

A capability is a communicable, unforgeable token of authority, cf. Object
Capabilities, Memory Capabilities.



Capabilities

PL view
A capability is a static token over a set of memory regions, that indicates
that the region is presently valid to access, cf. typed memory management.
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Capabilities

𝒞 ∶ Set
𝒞 is a set of capabilities, with decidable equality.
(℘(𝒞), ⊆) is the complete lattice ordered by set inclusion.



Weighted spaces

𝒲 ∶ Cat

Obj𝒲 ≔ 𝑋 = (|𝑋| ∶ Set, 𝑤𝑋 ∶ |𝑋| → ℘(𝒞))

Hom𝒲(𝑋, 𝑌) ≔
⎧{
⎨{⎩

𝑓 ∈ |𝑋| → |𝑌|
∣∣∣∣

∀𝑥 ∈ |𝑋| ,
𝑤𝑌(𝑓 (𝑥)) ⊆ 𝑤𝑋(𝑥)

⎫}
⎬}⎭



Finite products

Terminal object

|1| ≔ { ∗ }
𝑤1(∗) ≔ ∅

Products

|𝐴 × 𝐵| ≔ |𝐴| × |𝐵|
𝑤𝐴×𝐵(𝑎, 𝑏) ≔ 𝑤𝐴(𝑎) ∪ 𝑤𝐵(𝑏)



Cartesian closed

Exponentials

|𝐴 → 𝐵| ≔ |𝐴| → |𝐵|

𝑤𝐴→𝐵(𝑓 ) ≔
⎧{{
⎨{{⎩

𝑐 ∈ 𝒞
∣
∣∣∣∣
∣

∃𝑎 ∈ |𝐴| ,
𝑐 ∈ 𝑤𝐵(𝑓 (𝑎)),
𝑐 ∉ 𝑤𝐴(𝑎)

⎫}}
⎬}}⎭

Currying isomorphism

Hom𝒲(𝐶 × 𝐴, 𝐵) ≅ Hom𝒲(𝐶, 𝐴 → 𝐵)



Monoidal closed

Tensor

|𝐴 ⊗ 𝐵| ≔ { (𝑎, 𝑏) ∈ |𝐴| × |𝐵| ∣ 𝑤𝐴(𝑎) ∩ 𝑤𝐵(𝑏) = ∅ }
𝑤𝐴⊗𝐵(𝑎, 𝑏) ≔ 𝑤𝐴(𝑎) ∪ 𝑤𝐴(𝑏)



Monoidal closed

Linear exponentials

|𝐴 ⊸ 𝐵| ≔
⎧{{
⎨{{⎩

𝑓 ∈ |𝐴| → |𝐵|
∣
∣∣∣∣
∣

∃𝐶 ∈ ℘(𝒞), ∀𝑎 ∈ |𝐴| ,
𝐶 ∩ 𝑤𝐴(𝑎) = ∅ ⇒
𝑤𝐵(𝑓 (𝑎)) ⊆ 𝐶 ∪ 𝑤𝐴(𝑎)

⎫}}
⎬}}⎭

𝑤𝐴→𝐵(𝑓 ) ≔
⎧{{
⎨{{⎩

𝑐 ∈ 𝒞
∣
∣∣∣∣
∣

∃𝑎 ∈ |𝐴| ,
𝑐 ∈ 𝑤𝐵(𝑓 (𝑎)),
𝑐 ∉ 𝑤𝐴(𝑎)

⎫}}
⎬}}⎭

Tensor-hom adjunction

Hom𝒲(𝐶 ⊗ 𝐴, 𝐵) ≅ Hom𝒲(𝐶, 𝐴 ⊸ 𝐵)



Comonad

□ ∶ 𝒲 → 𝒲

|□𝐴| ≔ { 𝑎 ∈ |𝐴| ∣ 𝑤𝐴(𝑎) = ∅ }
𝑤□𝐴(𝑎) ≔ 𝑤𝐴(𝑎) = ∅

𝜀𝐴 ∶ □𝐴 → 𝐴
𝑎 ↦ 𝑎

𝛿𝐴 ∶ □𝐴 ∼−→ □□𝐴
𝑎 ↦ 𝑎

□ is idempotent

𝛿𝐴 is an isomorphism.



Comonad

□ is strong monoidal

𝑚𝐼 ∶ 1 ∼−→ □1
∗ ↦ ∗

𝑚×
𝐴,𝐵 ∶ (□𝐴 × □𝐵) ∼−→ □(𝐴 × 𝐵)

(𝑎 , 𝑏) ↦ (𝑎 , 𝑏)
𝑚⊗

𝐴,𝐵 ∶ (□𝐴 ⊗ □𝐵) ∼−→ □(𝐴 ⊗ 𝐵)
(𝑎 , 𝑏) ↦ (𝑎 , 𝑏)



Monad

𝑇 ∶ 𝒲 → 𝒲

|𝑇(𝐴)| = |𝐴| × (𝒞 → Σ∗)
𝑤𝑇(𝐴)(𝑎, 𝑜) = 𝑤𝐴(𝑎) ∪ { 𝑐 ∈ 𝒞 ∣ 𝑜(𝑐) ≠ 𝜀 }

𝜂𝐴 ∶ 𝐴 → 𝑇𝐴
𝑎 ↦ (𝑎, 𝜆𝑐.𝜀)

𝜇𝐴 ∶ 𝑇𝑇𝐴 → 𝑇𝐴
((𝑎, 𝑜1), 𝑜2) ↦ (𝑎, 𝜆𝑐.𝑜2(𝑐) ∙ 𝑜1(𝑐))



Monad

𝑇 is strong wrt products

𝜏𝐴,𝐵 ∶ 𝐴 × 𝑇𝐵 → 𝑇(𝐴 × 𝐵)
(𝑎, (𝑏, 𝑜)) ↦ ((𝑎, 𝑏), 𝑜)

𝜎𝐴,𝐵 ∶ 𝑇𝐴 × 𝐵 → 𝑇(𝐴 × 𝐵)
((𝑎, 𝑜), 𝑏) ↦ ((𝑎, 𝑏), 𝑜)

𝛽𝐴,𝐵 ∶ 𝑇𝐴 × 𝑇𝐵 → 𝑇(𝐴 × 𝐵)
≔ 𝜏𝑇𝐴,𝐵 ; 𝑇𝜎𝐴,𝐵 ; 𝜇𝐴×𝐵



Comonad & Monad

□ cancels 𝑇

𝜙𝐴 ∶ □𝑇𝐴 ∼−→ □𝐴
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Syntax

Types

𝐴, 𝐵 ∶∶= ⊤ ∣ 𝐴 × 𝐵 ∣ 𝐴 ⇒ 𝐵 ∣ str ∣ cap ∣ 𝐴

Terms

𝑒 ∶∶= () ∣ (𝑒1 , 𝑒2) ∣ fst 𝑒 ∣ snd 𝑒 ∣ 𝑥 ∣ 𝜆𝑥 ∶ 𝐴. 𝑒 ∣ 𝑒1 𝑒2
∣ 𝑠 ∣ 𝑐 ∣ 𝑒 ∣ let 𝑥 = 𝑒1 in 𝑒2 ∣ print(𝑒1, 𝑒2)

Values

𝑣 ∶∶= 𝑥 ∣ () ∣ (𝑣1 , 𝑣2) ∣ 𝜆𝑥 ∶ 𝐴. 𝑒 ∣ 𝑠 ∣ 𝑐 ∣ 𝑒



Syntax

Qualifiers

𝑞, 𝑟 ∶∶= ○ ∣ ●

Contexts

Γ, Δ, Ψ ∶∶= · ∣ Γ, 𝑥 ∶ 𝐴𝑞

Substitutions

𝜃, 𝜙 ∶∶= ⟨⟩ ∣ ⟨𝜃, 𝑒𝑞/𝑥⟩



Syntax

Judgments

𝒥 ∶∶= 𝑥 ∶ 𝐴𝑞 ∈ Γ ∣ Γ ⊇ Δ ∣ Γ ⊢ 𝜃 ∶ Δ
∣ Γ ⊢ 𝑒 ∶ 𝐴 ∣ Γ ⊢∘ 𝑒 ∶ 𝐴

(·)○ ≔ ·
(Γ, 𝑥 ∶ 𝐴○ )○ ≔ Γ○, 𝑥 ∶ 𝐴○

(Γ, 𝑥 ∶ 𝐴● )○ ≔ Γ○

⟨⟩○ ≔ ⟨⟩
⟨𝜃, 𝑒○/𝑥⟩○ ≔ ⟨𝜃○, 𝑒○/𝑥⟩
⟨𝜃, 𝑒●/𝑥⟩○ ≔ 𝜃○



Typing rules

𝑥 ∶ 𝐴𝑞 ∈ Γ
Γ ⊢ 𝑥 ∶ 𝐴

Var
Γ, 𝑥 ∶ 𝐴● ⊢ 𝑒 ∶ 𝐵

Γ ⊢ 𝜆𝑥 ∶ 𝐴. 𝑒 ∶ 𝐴 ⇒ 𝐵
⇒ I

Γ ⊢ 𝑒1 ∶ 𝐴 ⇒ 𝐵 Γ ⊢ 𝑒2 ∶ 𝐴
Γ ⊢ 𝑒1 𝑒2 ∶ 𝐵

⇒ E



Typing rules

Γ○ ⊢ 𝑒 ∶ 𝐴
Γ ⊢∘ 𝑒 ∶ 𝐴

ctx-○
Γ ⊢∘ 𝑒 ∶ 𝐴

Γ ⊢ 𝑒 ∶ 𝐴
I

Γ ⊢ 𝑒1 ∶ 𝐴 Γ, 𝑥 ∶ 𝐴○ ⊢ 𝑒2 ∶ 𝐵
Γ ⊢ let 𝑥 = 𝑒1 in 𝑒2 ∶ 𝐵

E



Typing rules

Γ ⊢ 𝑒1 ∶ cap Γ ⊢ 𝑒2 ∶ str
Γ ⊢ print(𝑒1, 𝑒2) ∶ ⊤

Print



Substitution rules

Γ ⊢ ⟨⟩ ∶ ·
sub-id

Γ ⊢ 𝜃 ∶ Δ Γ ⊢∘ 𝑒 ∶ 𝐴
Γ ⊢ ⟨𝜃, 𝑒○/𝑥⟩ ∶ Δ, 𝑥 ∶ 𝐴○ sub-○

Γ ⊢ 𝜃 ∶ Δ Γ ⊢ 𝑣 ∶ 𝐴
Γ ⊢ ⟨𝜃, 𝑣●/𝑥⟩ ∶ Δ, 𝑥 ∶ 𝐴● sub-●
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Types

J𝐴K ∶ 𝒲

J⊤K ≔ 1J𝐴 × 𝐵K ≔ J𝐴K × J𝐵KJ𝐴 ⇒ 𝐵K ≔ J𝐴K → 𝑇J𝐵KJstrK ≔ Σ∗JcapK ≔ 𝒞J 𝐴K ≔ □J𝐴K



Contexts

JΓK ∶ 𝒲

J ·K ≔ 1JΓ, 𝑥 ∶ 𝐴○ K ≔ JΓK × □J𝐴KJΓ, 𝑥 ∶ 𝐴● K ≔ JΓK × J𝐴K
J 𝑥 ∶ 𝐴𝑞 ∈ ΓK ∶ JΓK → J𝐴K

J
𝑥 ∶ 𝐴● ∈ (Γ, 𝑥 ∶ 𝐴● )

K ≔ 𝜋2

J
𝑥 ∶ 𝐴○ ∈ (Γ, 𝑥 ∶ 𝐴○ )

K ≔ 𝜋2 ; 𝜀𝐴

J 𝑥 ∶ 𝐴𝑞 ∈ Γ (𝑥 ≠ 𝑦)
𝑥 ∶ 𝐴𝑞 ∈ (Γ, 𝑦 ∶ 𝐵𝑟 )

K ≔ 𝜋1 ; J 𝑥 ∶ 𝐴𝑞 ∈ ΓK



Combinators

Wk(Γ ⊇ Δ) ∶ JΓK → JΔK
Wk(· ⊇ ·) ≔ 𝑖𝑑1

Wk(Γ, 𝑥 ∶ 𝐴𝑞 ⊇ Δ) ≔ 𝜋1 ; Wk(Γ ⊇ Δ)
Wk(Γ, 𝑥 ∶ 𝐴○ ⊇ Δ, 𝑥 ∶ 𝐴○ ) ≔ [Wk(Γ ⊇ Δ) × 𝑖𝑑□𝐴]
Wk(Γ, 𝑥 ∶ 𝐴● ⊇ Δ, 𝑥 ∶ 𝐴● ) ≔ [Wk(Γ ⊇ Δ) × 𝑖𝑑𝐴]



Combinators

ρ(Γ) ∶ JΓK → JΓ○ K
ρ(·) ≔ 𝑖𝑑1

ρ(Γ, 𝑥 ∶ 𝐴○ ) ≔ [ρ(Γ) × 𝑖𝑑□𝐴]
ρ(Γ, 𝑥 ∶ 𝐴● ) ≔ 𝜋1 ; ρ(Γ)

ℳ(Γ) ∶ JΓ○ K ∼−→ □JΓ○ K
ℳ(·) ≔ 𝑖𝑑1

ℳ(Γ, 𝑥 ∶ 𝐴○ ) ≔ [ℳ(Γ) × 𝛿𝐴] ; 𝑚×
Γ○,□𝐴

ℳ(Γ, 𝑥 ∶ 𝐴● ) ≔ ℳ(Γ)



Expressions

JΓ ⊢ 𝑒 ∶ 𝐴K ∶ JΓK → 𝑇J𝐴K
J 𝑥 ∶ 𝐴𝑞 ∈ Γ

Γ ⊢ 𝑥 ∶ 𝐴
K ≔ J 𝑥 ∶ 𝐴𝑞 ∈ ΓK ; 𝜂𝐴

J Γ, 𝑥 ∶ 𝐴● ⊢ 𝑒 ∶ 𝐵
Γ ⊢ 𝜆𝑥 ∶ 𝐴. 𝑒 ∶ 𝐴 ⇒ 𝐵

K ≔ curry (JΓ, 𝑥 ∶ 𝐴● ⊢ 𝑒 ∶ 𝐵K) ; 𝜂𝐴→𝑇𝐵

J Γ ⊢ 𝑒1 ∶ 𝐴 ⇒ 𝐵 Γ ⊢ 𝑒2 ∶ 𝐴
Γ ⊢ 𝑒1 𝑒2 ∶ 𝐵

K
≔ 𝑙𝑒𝑡

⎧{
⎨{⎩

𝑓 ≔ JΓ ⊢ 𝑒1 ∶ 𝐴 ⇒ 𝐵K
𝑔 ≔ JΓ ⊢ 𝑒2 ∶ 𝐴K

𝑖𝑛 ⟨𝑓 , 𝑔⟩ ; 𝛽𝐴→𝑇𝐵,𝐴 ; 𝑇 ev𝐴,𝑇𝐵 ; 𝜇𝐵



Expressions

JΓ ⊢ 𝑒 ∶ 𝐴K ∶ JΓK → 𝑇J𝐴K
J Γ ⊢∘ 𝑒 ∶ 𝐴

Γ ⊢ 𝑒 ∶ 𝐴
K ≔ J Γ ⊢∘ 𝑒 ∶ 𝐴 K𝑝 ; 𝜂□𝐴

J Γ ⊢∘ 𝑒 ∶ 𝐴 K𝑝 ∶ JΓK → □J𝐴K
J Γ○ ⊢ 𝑒 ∶ 𝐴

Γ ⊢∘ 𝑒 ∶ 𝐴
K𝑝 ≔ ρ(Γ) ; ℳ(Γ) ; □JΓ○ ⊢ 𝑒 ∶ 𝐴K ; 𝜙𝐴

Γ Γ○ □Γ○ □𝑇𝐴 □𝐴ρ(Γ) ℳ(Γ) □JΓ○⊢𝑒∶𝐴 K 𝜙𝐴



Expressions

JΓ ⊢ 𝑒 ∶ 𝐴K ∶ JΓK → 𝑇J𝐴K
J Γ ⊢ 𝑒1 ∶ 𝐴 Γ, 𝑥 ∶ 𝐴○ ⊢ 𝑒2 ∶ 𝐵

Γ ⊢ let 𝑥 = 𝑒1 in 𝑒2 ∶ 𝐵
K

≔ 𝑙𝑒𝑡
⎧{
⎨{⎩

𝑓 ≔ JΓ ⊢ 𝑒1 ∶ 𝐴K
𝑔 ≔ JΓ, 𝑥 ∶ 𝐴○ ⊢ 𝑒2 ∶ 𝐵K

𝑖𝑛 ⟨𝑖𝑑Γ , 𝑓 ⟩ ; 𝜏Γ,□𝐴 ; 𝑇𝑔 ; 𝜇𝐵

Γ Γ × 𝑇□𝐴 𝑇(Γ × □𝐴) 𝑇2𝐵 𝑇𝐵⟨𝑖𝑑Γ,𝑓 ⟩ 𝜏Γ,□𝐴 𝑇𝑔 𝜇𝐵



Expressions

JΓ ⊢ 𝑒 ∶ 𝐴K ∶ JΓK → 𝑇J𝐴K
J Γ ⊢ 𝑒1 ∶ cap Γ ⊢ 𝑒2 ∶ str

Γ ⊢ print(𝑒1, 𝑒2) ∶ ⊤
K

≔ 𝑙𝑒𝑡

⎧{{{{{
⎨{{{{{⎩

𝑓 ≔ JΓ ⊢ 𝑒1 ∶ capK
𝑔 ≔ JΓ ⊢ 𝑒2 ∶ strK
𝑝 ∶ 𝒞 × Σ∗ → 𝑇1

(𝑐, 𝑠) ↦ ⎛⎜⎜
⎝

1 , 𝜆𝑐′.
⎧{
⎨{⎩

𝑠 if 𝑐 = 𝑐′

𝜀 otherwise
⎞⎟⎟
⎠

𝑖𝑛 ⟨𝑓 , 𝑔⟩ ; 𝛽𝒞,Σ∗ ; 𝑇𝑝 ; 𝜇1



Values

JΓ ⊢ 𝑣 ∶ 𝐴K𝑣 ∶ JΓK → J𝐴K
J

Γ ⊢ () ∶ ⊤
K𝑣 ≔ !Γ

J Γ ⊢ 𝑣1 ∶ 𝐴 Γ ⊢ 𝑣2 ∶ 𝐵
Γ ⊢ (𝑣1 , 𝑣2) ∶ 𝐴 × 𝐵

K𝑣 ≔ ⟨JΓ ⊢ 𝑣1 ∶ 𝐴K𝑣 , JΓ ⊢ 𝑣2 ∶ 𝐵K𝑣⟩

J 𝑥 ∶ 𝐴𝑞 ∈ Γ
Γ ⊢ 𝑥 ∶ 𝐴

K𝑣 ≔ J 𝑥 ∶ 𝐴𝑞 ∈ ΓK
J Γ, 𝑥 ∶ 𝐴● ⊢ 𝑒 ∶ 𝐵

Γ ⊢ 𝜆𝑥 ∶ 𝐴. 𝑒 ∶ 𝐴 ⇒ 𝐵
K𝑣 ≔ curry (JΓ, 𝑥 ∶ 𝐴● ⊢ 𝑒 ∶ 𝐵K)

J Γ ⊢∘ 𝑒 ∶ 𝐴
Γ ⊢ 𝑒 ∶ 𝐴

K𝑣 ≔ J Γ ⊢∘ 𝑒 ∶ 𝐴 K𝑝



Substitutions

JΓ ⊢ 𝜃 ∶ ΔK ∶ JΓK → JΔK
J

Γ ⊢ ⟨⟩ ∶ ·
K ≔ !Γ

J Γ ⊢ 𝜃 ∶ Δ Γ ⊢∘ 𝑒 ∶ 𝐴
Γ ⊢ ⟨𝜃, 𝑒○/𝑥⟩ ∶ Δ, 𝑥 ∶ 𝐴○ K ≔ ⟨JΓ ⊢ 𝜃 ∶ ΔK , J Γ ⊢∘ 𝑒 ∶ 𝐴 K𝑝⟩

J Γ ⊢ 𝜃 ∶ Δ Γ ⊢ 𝑣 ∶ 𝐴
Γ ⊢ ⟨𝜃, 𝑣●/𝑥⟩ ∶ Δ, 𝑥 ∶ 𝐴● K ≔ ⟨JΓ ⊢ 𝜃 ∶ ΔK , JΓ ⊢ 𝑣 ∶ 𝐴K𝑣⟩
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Syntactic substitution

𝜃(𝑒)

𝜃(𝑥) ≔ 𝜃[𝑥]
𝜃(𝜆𝑥. 𝑒) ≔ 𝜆𝑦. ⟨𝜃, 𝑦●/𝑥⟩(𝑒)
𝜃(𝑒1 𝑒2) ≔ 𝜃(𝑒1) 𝜃(𝑒2)

𝜃( 𝑒 ) ≔ 𝜃○(𝑒)
𝜃(let 𝑥 = 𝑒1 in 𝑒2) ≔ let 𝑦 = 𝜃(𝑒1) in ⟨𝜃, 𝑦○/𝑥⟩(𝑒2)

𝜃(print(𝑒1, 𝑒2)) ≔ print(𝜃(𝑒1), 𝜃(𝑒2))

𝜃[𝑥]

𝜃[𝑥] ≔
⎧{{
⎨{{⎩

 𝜃 = ⟨⟩
𝑒 𝜃 = ⟨𝜙, 𝑒𝑞/𝑥⟩
𝜙[𝑥] 𝜃 = ⟨𝜙, 𝑒𝑞/𝑦⟩, 𝑥 ≠ 𝑦



Soundness of syntactic substitution

Weakening lemma

1. If Γ ⊇ Δ and Δ ⊢ 𝑒 ∶ 𝐴, then Γ ⊢ 𝑒 ∶ 𝐴.
2. If Γ ⊇ Δ and Δ ⊢ 𝜃 ∶ Ψ, then Γ ⊢ 𝜃 ∶ Ψ.

Substitution theorem
If Γ ⊢ 𝜃 ∶ Δ and Δ ⊢ 𝑒 ∶ 𝐴, then Γ ⊢ 𝜃(𝑒) ∶ 𝐴.



Soundness of semantic substitution

Weakening lemma

1. If Γ ⊇ Δ and Δ ⊢ 𝑒 ∶ 𝐴, then

JΓ ⊢ 𝑒 ∶ 𝐴K = Wk(Γ ⊇ Δ) ; JΔ ⊢ 𝑒 ∶ 𝐴K.
2. If Γ ⊇ Δ and Δ ⊢ 𝑒 ∶ 𝐴, then

JΓ ⊢ 𝜃 ∶ ΨK = Wk(Γ ⊇ Δ) ; JΔ ⊢ 𝜃 ∶ ΨK.



Soundness of semantic substitution

Pure lemma

If Γ ⊢∘ 𝑒 ∶ 𝐴 , then

JΓ ⊢ 𝑒 ∶ 𝐴K = J Γ ⊢∘ 𝑒 ∶ 𝐴 K𝑝 ; 𝜀𝐴 ; 𝜂𝐴.

Value lemma
If Γ ⊢ 𝑣 ∶ 𝐴, then

JΓ ⊢ 𝑣 ∶ 𝐴K = JΓ ⊢ 𝑣 ∶ 𝐴K𝑣 ; 𝜂𝐴.

Substitution theorem
If Γ ⊢ 𝜃 ∶ Δ and Δ ⊢ 𝑒 ∶ 𝐴, then

JΓ ⊢ 𝜃(𝑒) ∶ 𝐴K = JΓ ⊢ 𝜃 ∶ ΔK ; JΔ ⊢ 𝑒 ∶ 𝐴K.
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Equational Theory

Γ, 𝑥 ∶ 𝐴● ⊢ 𝑒1 ≈ 𝑒2 ∶ 𝐵
Γ ⊢ 𝜆𝑥. 𝑒1 ≈ 𝜆𝑥. 𝑒2 ∶ 𝐴 ⇒ 𝐵

𝜆 -cong

Γ ⊢ 𝑒1 ≈ 𝑒2 ∶ 𝐴 ⇒ 𝐵 Γ ⊢ 𝑒3 ≈ 𝑒4 ∶ 𝐴
Γ ⊢ 𝑒1 𝑒3 ≈ 𝑒2 𝑒4 ∶ 𝐵

app-cong

Γ○ ⊢ 𝑒1 ≈ 𝑒2 ∶ 𝐴
Γ ⊢ 𝑒1 ≈ 𝑒2 ∶ 𝐴

-cong

Γ ⊢ 𝑒1 ≈ 𝑒2 ∶ 𝐴 Γ, 𝑥 ∶ 𝐴○ ⊢ 𝑒3 ≈ 𝑒4 ∶ 𝐵
Γ ⊢ (let 𝑥 = 𝑒1 in 𝑒3) ≈ (let 𝑥 = 𝑒2 in 𝑒4) ∶ 𝐵

let -cong



Equational Theory

Γ, 𝑥 ∶ 𝐴● ⊢ 𝑒 ∶ 𝐵 Γ ⊢ 𝑣 ∶ 𝐴
Γ ⊢ (𝜆𝑥. 𝑒) 𝑣 ≈ [𝑣/𝑥]𝑒 ∶ 𝐵

⇒ β

Γ ⊢∘ 𝑒 ∶ 𝐴 ⇒ 𝐵
Γ ⊢ 𝑒 ≈ 𝜆𝑥. 𝑒 𝑥 ∶ 𝐴 ⇒ 𝐵

⇒ η-○
Γ ⊢ 𝑣 ∶ 𝐴 ⇒ 𝐵

Γ ⊢ 𝑣 ≈ 𝜆𝑥. 𝑣 𝑥 ∶ 𝐴 ⇒ 𝐵
⇒ η-●

Γ○ ⊢ 𝑒1 ∶ 𝐴 Γ, 𝑥 ∶ 𝐴○ ⊢ 𝑒2 ∶ 𝐵
Γ ⊢ let 𝑥 = 𝑒1 in 𝑒2 ≈ [𝑒1/𝑥]𝑒2 ∶ 𝐵

β



Equational Theory

Evaluation Contexts

𝒞 ∶∶= [·] ∣ 𝑒 𝒞 ∣ 𝒞 𝑒 ∣ 𝜆𝑥 ∶ 𝐴. 𝒞
∣ 𝒞 ∣ let 𝑥 = 𝒞 in 𝑒 ∣ let 𝑥 = 𝑒 in 𝒞

ℰ ∶∶= [·] ∣ 𝑒 ℰ ∣ ℰ 𝑣
∣ let 𝑥 = ℰ in 𝑒 ∣ let 𝑥 = 𝑣 in ℰ

Γ ⊢∘ 𝑒 ∶ 𝐴 Γ ⊢ 𝒞⟪𝑒⟫ ∶ 𝐵 Γ ⊢ let 𝑥 = 𝑒 in 𝒞⟪ 𝑥 ⟫ ∶ 𝐵
Γ ⊢ 𝒞⟪𝑒⟫ ≈ let 𝑥 = 𝑒 in 𝒞⟪ 𝑥 ⟫ ∶ 𝐵

η-○

Γ ⊢ 𝑒 ∶ 𝐴 Γ ⊢ ℰ⟪𝑒⟫ ∶ 𝐵 Γ ⊢ let 𝑥 = 𝑒 in ℰ⟪ 𝑥 ⟫ ∶ 𝐵
Γ ⊢ ℰ⟪𝑒⟫ ≈ let 𝑥 = 𝑒 in ℰ⟪ 𝑥 ⟫ ∶ 𝐵

η-●



Soundness

Soundness theorem

If Γ ⊢ 𝑒1 ≈ 𝑒2 ∶ 𝐴, then JΓ ⊢ 𝑒1 ∶ 𝐴K = JΓ ⊢ 𝑒2 ∶ 𝐴K.



Embedding

Types 𝑏⏝ ≔ 𝑏
𝐴 ⇒ 𝐵⏝ ≔ 𝐴⏝ ⇒ 𝐵⏝

Contexts ·⏝ ≔ ·
Γ, 𝑥 ∶ 𝐴⏝ ≔ Γ⏝, 𝑥 ∶ 𝐴⏝

○

Terms 𝑥⏝ ≔ 𝑥
𝜆𝑥 ∶ 𝐴. 𝑒⏝⏝⏝ ≔ 𝜆𝑧 ∶ 𝐴⏝ . let 𝑥 = 𝑧 in 𝑒⏝

𝑒1 𝑒2⏝ ≔ 𝑒1⏝ 𝑒2⏝



Soundness

Type preserving

If Γ ⊢𝜆 𝑒 ∶ 𝐴, then Γ⏝ ⊢ 𝑒⏝ ∶ 𝐴⏝ .

Equality preserving

If Γ ⊢𝜆 𝑒1 ≈ 𝑒2 ∶ 𝐴, then Γ⏝ ⊢ 𝑒1⏝ ≈ 𝑒2⏝ ∶ 𝐴⏝ .

Conservative extension

If Γ ⊢𝜆 𝑒1 ∶ 𝐴 and Γ ⊢𝜆 𝑒1 ∶ 𝐴 and Γ⏝ ⊢ 𝑒1⏝ ≈ 𝑒2⏝ ∶ 𝐴⏝ ,
then Γ ⊢𝜆 𝑒1 ≈ 𝑒2 ∶ 𝐴.



Outline

Overture

Semantics

Syntax

Denotation

Substitution

Embedding

Epilogue



Epilogue

∙ We gave the syntax & semantics of an effectful lambda calculus.
∙ We use a comonadic modality to filter out effects.
∙ The language is good.
∙ One could extend the comonad to a graded comonad indexed by capabilities.
∙ The category has more structure, and we could add fancier types.
∙ Questions?
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