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Overture



Capabilities

Systems view

A capability is a communicable, unforgeable token of authority, cf. Object
Capabilities, Memory Capabilities.




Capabilities

A capability is a static token over a set of memory regions, that indicates
that the region is presently valid to access, cf. typed memory management.
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Semantics



Capabilities

C is a set of capabilities, with decidable equality.

((C), ©) is the complete lattice ordered by set inclusion.




Weighted spaces

_l W : Cat !

Objw = X = (IX]: Set, wyx : 1X| = 9(C))

Vx € [X],
X -Y
{f A= wy (f (x)) C wx (x) }

Hom,)(X,Y)




Finite products

| Terminal object !

WaxB (a/ b)

1] = {=}
wi(x) = @
_l Products !
|JAxB| := |A|lx|B|

wy (a) Uwg(b)




Cartesian closed

| Exponentials !

|A— B = |Al - B
da € |A],
waLg(f) = {ceC| cewg(f@)),
CEwxy(a)

_[ Currying isomorphism ]

Hom,;)(C x A, B) = Hom,;,(C,A — B)




Monoidal closed

Tensor

|A ® B

Wagp(a,b)

{(a,b) € |AIxIB| | wa(a) Nwp(b) =0}
wA(ﬂ) UwA(b)




Monoidal closed

| Linear exponentials ]
J

3dC e (), Va € |A|,
JA—= Bl = {f€e€lAl>IBl| CNwy@) =0=
wg(f(a)) € CUwy(a)
da € |A],
waLg(f) = {ceC| cewg(f(a)),
CE&wyla)

\

_[ Tensor-hom adjunction ]
J

Hom,;(C® A, B) =~ Hom,;)(C,A — B)




Comonad

D:U,Q—>U,Q
DAl = {a€lAllws@ =0}
woa(a) = wya) =0
€AZ|:|A - A
a — a
bp:0A S 0OOA
a — a

| O s wdempotent !

d 4 is an isomorphism.




Comonad

_[ O s strong monoidal ]
J

ml:1

*

mz,B : (OA x OB)
(a,D)

mfi,B : (0A ® OB)
(a,Db)

o1

*

O(A x B)
(a,Db)
O(A ® B)
(a,Db)

ULl el




Monad

T:

w - w
ITAI = |AIx(C—L¥*)
wra)@,0) = wu@ U{ceClolc)+e}
HatA — TA
a - (a,Ace)
pa:TTA — TA
((a,01),00) = (a,Ac.0(c) ®07(C))




Monad

’_[ T is strong wrt products ]

Tap:AxTB — T(AxB)
(a,(b,0)) = ((ab),o)
opap:TAxB — T(AxB)
((a,0),b) ~— ((a,b),o0)

Bap + TAxXTB—-T(AxB)
= TraB: T0AB HaxB




Comonad & Monad

O cancels T

$4:0TA S DA
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Syntax



Syntax

| slcl[e]llet[x]=e;ine, | print(ey,ep)

| Tpes |
AB == T|AxB|A= B|str|cap|[]A
_l Terms !
e == (l(e;,e)|fste]snde|x|Ax:A.ele e,

Values

v u= x|O|(vy,v) | Ax:Acels|cl[e]




Syntax

Substitutions

| Qualifiers !
gr == O|e
,_l Contexts !
IANY = -|T,x:A7

0,¢

n= () 146, e/x)




Syntax

Judgments
J v= x:ATET|T2AITHO:A
| THe:A|TF°e:A
()° = 0% =0
(F,x:AO)O = IO, x:A° (G,eo/x)o = (6°,¢e°/x)
(I‘,x:A‘)o = I© <9,e'/x>o = ¢°



Typing rules

x:A1eTl Ix:A® +e:B
VAR =1

T'Ex:A T'HFAx:Ae:A=B

I'eg:A=>B IT'ke: A
I'ejey:B

=E




Typing rules

TOke:A T'Fee: A
CTX-O

_ — [1
T'ee: A I'+[e]:A

I'e A I[Lx:A® Fe,:B

OE
I'tlet[x]=e;ine;: B




Typing rules

I'-eq:cap I' ey :str
'+ print(eq,e0) : T

PRINT




Substitution rules

SUB-ID

'

I'=6:A T'Fee: A T'=6:A TFHov:A
SUB-O SUB-@

T'F(0,e°/x): A, x: A° TH(, 0®/x):A x:A®
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Denotation



Types

[A] : W

[T]
[AxB]
[A = B]
[str]
[cap]
[@A]

1

[A]l = [B]
[A] - T[B]
5

C

a[A]




Contexts

| [r]:W

[]
[T,x:A°]
[T, x:A®]

1
[T]>xolAl
[r] = [Al

| [x:47 eT]:[T] - [A]

[

x:A® € (T, x:A®)

[[x:Ao e[, x:A°)
x:ATel (x#y)

x:A1e T, y:B")

[ = m
[ = mieqs

]

mi[x: AT €T]




Combinators

_[wka28):[r] - [a] |

Wk(- D) = idy
Wk(T, x : AT D A) T Wk(I' 2 A)
Wk, x : A® DA, x: A°) [WK(T 2 A) xidga]
Wk, x: A® DA, x: A®) [WK(T D A) xidy]




Combinators

| e :[rl-[re] |

p() = idy
p(T,x:A°) = [p@) xidga]
o, x:A®) = mq;pM)
| M@ [ro] = alre]
M(') = ldl
M(F,x:AO) = [M(r) X‘SA]?ml)io’DA
M@T,x:A®) = M@




Expressions

[ Irre: AL [r > T(A] |

I'x:A
Ix:A® e:B

x:ATeT

IT'-Ax:Ae:A=B

[x:A9 €T]:na

curry ([[F, x:A® Fe: B]]) iMA-TB

in

I'e:A=>B I'ke: A
I'~e1e,:B
ot {f = [[Fe:A=B]
= g = [Tke:A]

f .8 :BastBa:Tevars: B




Expressions

[ Irre:a):Ir1 - 114]
F'kee: A
I'+[e]:[A

[ == [[Iw_oe:Aﬂp?ﬂDA

_[ [T+ee:A],: [T] > O[A] ]

[Pre:a I Ty, M(T); 0[TC F e: A]

- = ; ;3 Al

Troe:a 7 P Al fa
p) M(T) O[T°ke:A]

r

v oro ——— " v arA 24y pa

> TO




Expressions

’_[ [Te:A]:[r] - T[A]

I"I—el:l:lA rrx:AOFeZZB

I'tlet[x]=e;ine;: B
let {f [[r|_€1 E[A]]

in (dy ,f); Troa: TS 1

r ) T xToA — 24 4 T(I x 0A)

g = [I,x:A° Fe,:B]

Teo
fs> T2B VB) TB




Expressions

’_[ [THe:A]:[r] - T[A] J

I'-eq :cap T'k e, :str
T F print(e,ep) : T

f = [TFe :cap]
g = [The:str|
let p : CxX*->T1

= ifc = ¢’
(c,8) =~ (1,/\(:’.{5 ' ) )
¢ otherwise

in (f,8:Bce TP




Values

[ rro:a),:Ir) - 4]

_— = '
o b g
'-v,:A I'+9v,:B
TF (0, 0,) - AxB lo = (TFwv:A],,[TFov:B],)
1,92/
x:A1eT
Traa 0 T vATer

Ix:A®Fe:B
FI—/\x:A.e:AzB]]U

'Fe: A
T'+[e]: A b

= Curry([F,x:A° Fe: B]])

= [[FI—"e:Aﬂp




Substitutions

[ Irro:a1:0r] - [a]

Trg e

TEHO:A 'He: A
Tk (8,¢e°/x): A, x: A°
'6:A I'ov:A
I'(0,0%/x): A, x: A®

([[FI—G':A]},[FI—"e:A]}p)

([THO:A],[THv:A],)
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Substitution



Syntactic substitution

| 0(e) !

0(x) 0[x]
f(Mx.e) Ay. (6, y®/x)(e)
6(eq e) 0(e1) 0(ey)
0([e))
O(let[x] = eq iney) let [y] = 6(eq) in (0, y©/x)(ey)
(print(eq,e,)) print(6(e1), 0(ez))
| 0[x] !
4 0=
0lx] = e 0 = (¢, el/x)

plx] O =«(p,eTy),x#y




Soundness of syntactic substitution

_[ Weakening lemma ]

I.ITDAandAFe:A thenT Fe: A.
2. T DAandAF0: ¥, thenT' - 60:VY.

,_[ Substitution theorem ]
IT+-O:AandAFe: A thenT - 8(e) : A.




Soundness of semantic substitution

'_[ Weakening lemma ]
J
I.fT DAandAF e: A, then

[THe:Al =WkT 2A);[Are:A].
2.fT DAandAF e: A, then

[THO:¥]=WKk(T2A):[AF 6: Y]




Soundness of semantic substitution

_l Pure lemma !

IfTF°e: A, then

[THe:Al=[TFe:A],;eq:1a-

_l Value lemma !

IfT + v: A, then

[TFov:A]=[TFv:Al,; 4.

,_[ Substitution theorem ]

IfT'F6:AandA+ e: A, then

[THOE :A]l=[TH0:A];[AFe:A].
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Embedding



Equational Theory

F,X:A. |_el %EZ:B
'~ Ax.eq = Ax.ep: A= B

A -CONG

].—"_e]zez:AﬂB r}_€3z€4:A

I'eje3~eyey: B

APP-CONG
TPhe ~ey: A
I'k[e]~[e]:0A

T'keg~e:[JA [,x:A° Fe3~es: B
't (let[x]=einey) =~ (let[x]=eyiney) : B

[]-cone

let [ ] -cong



Equational Theory

I,x:A® +e:B THov:A
I'- (Ax.e)v~[v/x]e: B

IT'k°e: A= B T'v:A=>B
= 1-0 =Tn-e

I'e~Ax.ex:A=B I'o=Ax.vx:A=B

[OFe A I[,x:A° ey:B -
[ let[x] =[er]in e, ~ [e;/x]er : B




Equational Theory

,_[ FEvaluation Contexts ]

C

|
& =
|

[[11eC|Ce|Ax: A.C
|Iet:Cine|Iet:einC
[Jlef|Ew
let[x]=Cinellet[x]=vin &

F=°e:[1A ' Cley:B

I'klet[x]=ein C([x]) : B .

I' Cley ~let[x] =ein C([x]) : B

Te:[1A ' E¢e) : B

Ik let[x]=ein &¢[x]) : B -

T+ Eey ~let[X] =ein E([Z]) : B

n-o

n-e




Soundness

Soundness theorem }

IfThe ~ey:Athen[Te; Al =T ey : Al




Embedding

Types b = b
A=>B := l:[é = §
Contexts o=
I'x:A := 1:, X: 40
Terms X = X
Ax:iAe = Az:[JA.let[x]=zine

€16



Soundness

| Type preserving !

Ifl'Fye:AthenT e A

’_[ Equality preserving ]

IfFI—Ael zeZ:A,thenEI— el = ey 4

,_[ Conservative extension ]

IfFI—AeleandFI—AeleandEI— el = ey 34,
thenfl—/\ €1 zez:A. -
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Epilogue



Epilogue

e  We gave the syntax & semantics of an effectful lambda calculus.

e We use a comonadic modality to filter out effects.

e The language is good.

e One could extend the comonad to a graded comonad indexed by capabilities.
e The category has more structure, and we could add fancier types.

e Questions?
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